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N=1 (8 supercharges)  SU(2) gauge theory !
with  Nf flavors (Nf=0,1,…,7)

• N=2 in 4 dim or N=(1,0) in 6 dim.
• Particle content  

 - vector multiplet  
 - hypermultiplet (            fundamental flavors)

conserved  
U(1) charges

• In IR, global symmetry is SO(2Nf )⇥ U(1)I

• At UV fixed point, the global symmetry is enhanced

Nf  7

• non-trivial superconformal fixed point at UV (strong coupling limit)

SO(2Nf )⇥ U(1)I ⇢ ENf+1



En symmetry and PA3-1 session…

• Superconformal index captures En
[H.-C. Kim, SSK, Lee ’12] [Hwang, Joonho Kim, Seok Kim, Park  ’14]

—> {Chiung Hwang’s talk}

• Topological vertex amplitudes
[Bao, Mitev, Pomoni, Taki,Yagi ’13] [Hayashi, Zoccarato '14][Hayashi, Kim, Nishinaka ’13] 

• at the level of Nekrasov Partition function

—> {Futoshi Yagi’s talk} {Joonho Kim’s talk}

[Mitev, Pomoni, Taki, Yagi ’14]   [Joonho Kim, Seok Kim, Lee, Park, Vafa '14]



In this talk….

• First half: Brane construction for Nf flavors

• Second half: Based on the brane configuration,  
compute the SW curve

- ENf+1 symmetry

Review 5d SYM using the (p,q) web!
Seiberg-Witten curve is En invariant

(E1=SU(2), E2=SU(2)x U(1), E3=SU(3) x SU(2),  
 E4=SU(5), E5=SO(10), E6, E7, E8)



Brane configuration for pure SU(2) SYM

NS5NS5

D4

In 4d

NS5NS5

D5

In 5d

0 1 2 3 4 5 6 7 8 9

NS5 — — — — — —

D4 — — — — —

0 1 2 3 4 5 6 7 8 9

NS5 — — — — — —

D5 — — — — — —

naively



Charge conserving junctions make the (p,q) web

0 1 2 3 4 5 6 7 8 9
NS5 ——————
D5 ————— —

(1,1) ————— - -

5d SU(2) theory and (p,q) web diagram
[Aharony-Hanany, ’97]

(1,1) 5-Brane

(1,-1)=(-1,1)

(1,-1) 5-Brane

(1,1)=(-1,-1)
x

5

x

6

D5!
(1,0) brane

NS5!
(0,1) brane

NS5NS5

D5



[p,q] 7-branes

0 1 2 3 4 5 6 7 8 9
NS5 —————— .
D5 ————— . —
D7 ————— . . ———

(p,q) 5-brane ends on [p,q] 7-brane

Flavor= D7 brane = [1,0] 7-brane

hypermultiplet
[1,1] 7-brane

[1,1] 7-brane [1,-1] 7-brane

[1,-1] 7-brane

[1,0]

By taking 7-branes to infinity, we get 5-brane (p,q) web again.



Flavors (7-branes) and Hanany-Witten effects

mass deformation
Nf = 2

Hanany-Witten

two D7-branes

The situation is not very different for other Nf up to 4.



Five, six, seven flavors seem problematic…

Nf = 5 Nf = 6 Nf = 7



crossing: - monodromy   
       - Hanany-Witten transition !
! ! !   with charge conservation

[1,1] 7-brane

[0,1] 7-brane

Hanany-Witten

Brane Crossing and Jumping



(b)

Nf = 6 E7

Hanany-Witten effects change the charge of 7-brane 



Nf = 6

SU(8) ⇢ E7

manifest symmetry



Nf = 6

Tuned T4: SU(4)⇥ SU(4)⇥ SU(2) ⇢ E7

[Benini, Benvenutti, Tachikawa ‘09]

Many other Hanany-Witten transitions reveal…



Seiberg-Witten curve
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SW curve = Single M5 brane configuration  
                 on R2 x T2  (x4,x5,x6, x11) space

[Witten ’97]
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2 5d SW curve from toric geometry

In this section, we review relavant part of 5D uplifts of 4D T
N

theories in terms of dual
geometry of 5-brane junctions [1]. We start with reviewing how the SW curves for 4D N = 2

gauge theories are derived from M -theory [2].
a̋≥ <̧ Type IIA and IIB_�  ◆s�&h⌥ı� 5d constructions, and meromorphic one-form.
5D SW
Given the prepotential F(a),

2.1 5d TN theories

5d version of 4d T
N

⌘ T [A
N�1] theories was studied based on the web or dual toric diagrams

[1] where it describes M-theory compactified on a non-compact CY threefold. The dual toric
diagram is obtained by assocatiating a vertex to each face of 5-brane juctions. For a single
juction, T1, it corresponds to C3 and for multijuctions, T

N

, it corresponds to C3/(Z
N

⇥ Z
N

).
Upon compactification on S1, it gives rise to 4d T

N

contructed in [Gaiotto].

2.2 Seiberg-Witten curves for E6 global symmetry: Review

2.3 Review

First we review how one obtains the Seiberg-Witten curves from the toric diagram. The recipe
is to first associate the dots in the toric diagram to nonzero coefficients of the curve equations:

X

dots

c
ij

tiwj

= 0. (2.1)

Here t and w are given by

t = e
�x

6+ix

11

R11 , w = e
�x

4+ix

5

R5 . (2.2)

Among the coefficients, not all coefficients are independents, because one can always rescale
t and w as well as overall rescaling. There are always such three degrees of freedom in the
coefficients, and thus in general independent numbers of coefficients from the toric diagram
is the total number of the dots in the toric diagram �3. To illustrate, consider pure SU(2)

case, there are five dots in the toric diagram associated with pure SU(2), which means that
the number of independent coefficients would be 5� 3 = 2. Taking into account rescaling of t
and w (in other words, respecting the symmetry t $ 1

t

and w $ 1
w

), one finds

c10

⇣
t+

1

t

⌘
+ c00 + c01

⇣
w +

1

w

⌘
= 0. (2.3)

5

Seiberg-Witten curve :
 M-theory configuration expressed as an elliptic curve

w = e�
x

5+ix

4

R5



Dual diagram = grid diagram = toric diagram

Face dot
Edge line connecting dots
Vertex Triangle

dim(Coulomb branch)  =  #(internal points)

[Leung-Vafa ’97][Aharony-Hanany-Kol ’97]



Toric diagram and SW curve 
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5

cij non-zero coefficients

c01w + c10t+ c11tw + c12tw
2 + c21t

2w = 0

We generalize this systematic way to the cases with NF flavors 



So far, SU(8) manifest, but …
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µ

i

⌘
8X

k1<k2<···<k

i

em
k1 emk2 · · · emk

i

. (3.29)

We perform another coordinate transformation

t ! T
Q4

i=1(w � em
i

)

, (3.30)

to obtain the Seiberg-Witten curve in terms of the characters of the fundamental weights of
SU(8)

T 2
+ k(w)T +

8Y

i=1

(w � em
i

) = 0, (3.31)

or more explicitly,

T 2
+ (�2w4

+ �
µ1 w

3
+ U w2

+ �
µ7 w � 2)T

+ w8 � �
µ1w

7
+ �

µ2w
6 � �

µ3w
5
+ �

µ4w
4 � �

µ5w
3
+ �

µ6w
2 � �

µ7w + 1 = 0. (3.32)

As a coordinate transformation is realized as Hanany-Witten transition in toric(-like) di-
agram, (3.30) corresponds to moving all the [1, 0] 7-branes on the right hand sides to the
left.

w

T

Figure 11: A toric-like diagram for E7 with manifest SU(8) symmetry
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(p,q) web and Dual diagram
Nf = 6 E7



Nf = 6
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m1

m2

...

m8

Toric-like diagram (white dots)

Coulomb modulus parameter
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m1

m2

...

m8

Toric-like diagram (white dots)

(w �m1)(w �m2) · · · (w �m8)

8Y

1

mi = 1
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Toric-like diagram (white dots)

⇠ (T � 1)2

⇠ w(T � 1)

Property of toric-like diagram: 
degenerate polynomials

t1 = t2 = 1



Its j-invariant agrees with E7  manifest curve:
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SU(8) manifest but E7 invariant
Nf = 6

[Eguchi-Sakai]

etc).
(SS: All the E

n

curves should be checked with those from the dot-diagrams.)
(SS: It’s 4d limit should be addressed and checked. 4d limit for E8 is done in [4].)

Just for book keeping purpose, we list higher E
n

curves [4, 5]
E8 curve:

y2 = 4x3
+

h
� u2

+ 4�E8
µ1

� 100�E8
µ8

+ 9300

i
x2

+

h
(2�E8

µ2
� 12�E8

µ7
� 70�E8

µ1
+ 1840�E8

µ8
� 115010)u

+ 4�E8
µ3

� 4�E8
µ6

� 64�E8
µ1
�E8
µ8

+ 824(�E8
µ8
)

2 � 112�E8
µ2

+ 680�E8
µ7

+ 8024�E8
µ1

� 205744�E8
µ8

+ 9606776

i
x

+ 4u5
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�
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�
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(A.152)

E7 curve:
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E6 curve:
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µ5

� 4�E6
µ1
)u+ 4�E6

µ4
� �E6

µ2
�E6
µ2
. (A.154)

In summary, one stars from E8 curve and obtains lower E
n

curves:

E8 ! E7 ! E6 ! E5 ! E4 ! E3 ! E2 ! ˜E1 ! E0

! E1. (A.155)

All the holomorphic Seiberg-Witten one form is of the standard form:

!
SW

=

dx

y
. (A.156)

(SS: Compare this with Klemm’s paper, Appendix B)
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As the discriminant � for a cubic equation Ax3
+Bx2

+ Cx+D = 0 is given by

� = B2C2 � 4AC3 � 4B3D � 27A2D2
+ 18ABCD, (A.124)

one finds that

g32 � 27g23 =

16

A4
�. (A.125)

The curve may also be expressed as a quartic polynomial

y2 = ax4
+ bx3

+ cx2
+ dx+ e. (A.126)

The forms of g2 and g3 are given by

g2 =
4

a3
(c2 � 3bd+ 12ae), g32 � 27g23 =

16

a6
�, (A.127)

where the discriminant for the quartic equation is given by

� =256a3e3 � 192a2bde2 � 128a2c2e2 + 144a2cd2e� 27a2d4 + 144ab2ce2 � 6ab2d2e� 80abc2de

+ 18abcd3 + 16ac4e� 4ac3d2 � 27b4e2 + 18b3cde� 4b3d3 � 4b2c3e+ b2c2d2.

A.4 Decompostion of the characters �E7
i of E7 fundamental weights

into the characters �i of SU(8) fundamental weights

E7 Dynkin diagram �
µ1

�� �
µ3

��
�
µ2|�

µ4

�� �
µ5

�� �
µ6

�� �
µ7

�E7
1 = � 1 + �1�7 + �4

�E7
2 = �2

1 + �2
7 + �3�7 + �1�5 � 2�2 � 2�6

�E7
3 = 1� 2�4 + �3�5 + �2

1�6 � 3�2�6 � �1�7 + �1�4�7 + �2�
2
7

�E7
4 = � 2 + �2

2 � �1�3 + 2�4 � �2
4 + �3

1�5 � 3�1�2�5 + 2�3�5 + �2�
2
5 � �2

1�6

+ 3�2�6 + �2
3�6 + �2

1�4�6 � 4�2�4�6 � �1�5�6 + �2
6 + 2�1�7 � �2�3�7

� �5�7 + �1�3�5�7 � 3�3�6�7 � �2�
2
7 + �2�4�

2
7 + �3�

3
7

�E7
5 = �2

3 + �2
1�4 � 3�2�4 � �1�5 + �2

5 + �1�3�6 � 3�4�6 � �3�7 + �2�5�7 + �4�
2
7

�E7
6 = � 1 + �1�3 � 2�4 + �2�6 + �5�7

�E7
7 = �2 + �6

(A.128)
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Conclusion and future direction

From its dual (toric-like) diagram,  
  - we computed the Seiberg-Witten curve  
  - showed the SW curve is EN+1 invariant

Brane construction of 5d SU(2) gauge theory  
with N flavors (N<8) : (p,q) web diagram

EN+1 symmetry is realized  
as various SU subgroups in the web diagram

N=8; Hanany-Witten transitions never stop;  
     outwardly spiral web-diagram 
     Affine E8 symmetry is expected; E-strings

[in progress]

N=9 or higher; shrinking spiral web diagrams 
     Sign of Landau poles

—> {Joonho Kim’s talk}


